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No-interactiontheoremsareprovenusingthemethodsof differentialgeometry;and,anexampleof aHamiltonian
yielding relativistic canonicalequationsof motionwith interactionis presented.

I. INTRODUCTION

It is the purposeof this note to presenta proof of “no-
interaction”theoremsusingthelanguageof moderndifferen-
tial geometry[1] andCartan’s principle[2] of dynamics.The
useof thesetoolsrevealscertainfactsof thestructureof these
theoremswhich arenot otherwiseevident.

The conclusionof a no-interactiontheoremis that a rela-
tivistic canonicalformulationof dynamicscanonly describe
particlesbetweenwhich thereis “no-interaction.” Of course,
this conclusiondependson the conditionsin the hypothesis
of the theorem,of which thereare two versions. The orig-
inal versionhasbeenproven sequentiallyby strongermeth-
ods, first for two [3], then three[4], andfinally N particles
by at leastthreemethods[5-7], oneof which (Ref. [7]) uses
moderndifferentialgeometry, but notCartan’sPrinciple.This
versionis characterizedby theassumptionthat thedynamics
of thesystemis governedby aschemeparameterizedby asin-
gleparameter—time. Thesecondversion[8], which hasbeen
provenheretoforeby only onemethod,is characterizedby the
assumptionthat thedynamicsis governedby anN parameter
scheme.

Below, the no-interactionresult is obtainedin a new way
by addingrestrictionsto Cartan’s Principle that are equiva-
lent to the conditionsin the hypothesesof the no-interaction
theorems.Fromthis uniquevantagepoint thesetheoremsare
reexamined.

II. A GEOMETRIC PROOF

Let
�
MN � Ω � beasymplecticmanifold[1], whereMN is the

Cartesianproductof N phasespaces,with fundamentaltwo-
form

Ω � dω � (1)

ω is expressedin termsof thecanonicalmomentaandcoordi-
natesas

ω � N

∑
�
pµ

1dxµ � i � (2)

(summationconventionimplied). Recall [2] that a one-form
on MN � I , for exampleω � :

ω � � ω � Hdτ � (3)

determinesavectorfield D on
�
MN � I � of theform:

D � N

∑
1

�
Vµ ∂

∂pµ 	 Fµ
∂

∂xµ 
 i
	 ∂

∂τ � (4)

via thestipulationthat theexterior productof thepair is zero
(this is theformal statementof Cartan’sPrinciple);i.e.,

D � dω � � 0 � (5)

suchthatV andF satisfythenHamilton’scanonicalequations:

V � ∂H
∂p

; F ��� ∂H
∂x

� (6)

Theorem (no-interaction): Let (Mn � Ω � be a symplectic
manifold,D avectorfield onMN � I , andH ascalarfunction.
Moreover, let I beidentifiedwith aone-dimensionalsubspace
fro eachconfigurationspace:for example,let

τ � ax1
i � bx2

j ��
�
�
�� cxN
k � (7)

Then,

D � dω � � 0 � (8)

impliesthat:

F1 � F2 ��
�
�
�� Fn � 0; (9)

i.e.,all forcesarezero,thereis no interaction.
Proof: The identificationof I with a one-dimensionalsub-

spaceof theconfigurationspaceof a particleimplies that the
generatorof translationsalongI , namely:

∂
∂τ � (10)

is equalto the generatorsof the translationsalong the one-
dimensionalsubspacein theconfigurationspace,for example

a
∂

∂x1
i
� (11)

whereit hasbeenassumedfor simplicity, without lossof gen-
erality, that the identificationhasbeenmadewith the i � th



2

axis in the coordinateframechosento describethe configu-
rationspaceof interest.Whenthis identificationis madefor
eachconfigurationspacein MN, thefollowing equalityholds:

∂
∂τ

� a
∂

∂x1
i

� b
∂

∂x2
j

��
�
�
�� c
∂

∂xN
k

� (12)

If Eq. (12) is put into (8), thenthe resultEq. (9) follows at
once. �

Theorem(secondversion): Thefundamentalassumptionof
this versionis that the dynamicsof a systemof particlesis
governedby anN parameterscheme.This assumptionis tan-
tamountto redefiningEq. (4) as:

D � N

∑
1 � � Vµ ∂

∂pµ 	 Fµ
∂

∂xµ 
 i
	 ∂

∂τi � � (13)

andEq. (3) as

ω � � ω 	 N

∑
1

Hidτi � (14)

Proof: As above,Eq. (8) is computedto obtain�
Hi � Hl � � 0 ��� i �� j � (15)

wherethebracketsarethoseof Poisson.Theindependenceof
the world line follows from the independenceof Hamiltoni-
ans. �
III. DISCUSSION AND CONCLUSIONS

The equivalenceof the first version,as presentedherein,
with the previous presentationsfollows from the demands
madeof the Hamiltonianin thoseversions. First, andmost
naturally, the Hamiltonian is to specify the the dynamics
throughtheLie Bracket relationships:�

x � H ����� V;
�
p � H ��� F � (16)

Beyondthis,however, thevery sameHamiltonianfunctionis
also to be the generatorof time translationswhich together
with the generatorsof the spacial translationsform a Lie
Group with the Poincaŕe group structureconstants.Impos-
ing this group structureis a commonway of “relativizing”
thespaceof interest.Demandingthatonefunctionyield both
sortsof generatorsat onceestablishesthe identificationused
above, of translationsalongτ (the parameterof the transfor-
mationspecifyingthe dynamics)andxn

i (a configurationpa-
rameter, mostlikely t, time, if Mn is aMinkowski space).

The absenceof referenceto Minkowski structureof the
configurationspacesin the above proof shows that the es-
sentialfeatureof no-interactiontheoremsis not to be found
in SpecialRelativity. The above theoremshold even if the
spacesMn arenot Minkowski spaces;the only essentialfea-
tureneededto obtaintheno-interactionresultis theidentifica-
tion of theparameterof thetransformationgeneratingthedy-
namicswith any of theparametersof theconfigurationspaces.

In the non-relativistic case,if “ t” were identifiedwith either
x � y� orz (or [non]linearcombinations),the no-interactionre-
sult would follow, a factnot heretoforewidely publicized.

The motivation for the identificationof the dynamicalpa-
rameterwith aconfigurationparameterin thefirstplacecomes
from the desireto createrelativistic quantumtheories. In
nonrelativistic quantummechanicstime is a scalarparame-
ter while configurationvariablesareoperators.This disparity
is atoddswith SpecialRelativity within whichtimeandspace
parametersareof equalstatus.Thus,aneffort hasbeenmade
to find arelativistic formulationof dynamicsin whichthecon-
figurationvariable“ t ” (x4 in Minkowski space)canserve as
the independentparameterof the transformationspecifying
thedynamicsandtherebybecompatiblewith quantumtheory
aspresentlyformulated.It is theseeffortswhicharefrustrated
by thefirst versionof no-interactiontheorems.

Thesecondversionis anexploratoryattemptto find astruc-
turethatwill accommodateinteractionandbeconsistentwith
relativity. As thestructurehypothesizedin this versionis not
compatiblewith quantumtheory, it doesnot appearto have
any significancefor the constructionof relativistic quantum
theory;moreover, it alsodoesnot accommodateinteraction.

If the identificationof time andthe parameterwhich gov-
ernsthedynamicsis not made,asit is in theoriginal versions
of no-interactiontheorems,thenCartan’s formulationof dy-
namics(or any equivalent)accommodatestheconstructionof
canonicalrelativistic theoriesat will; it is only necessaryto
find a suitablesingleparameterLorentzinvariantscalarfunc-
tion  . What is not soeasilydone,however, is to show that
a particularchoiceof  leadsto calculatedtrajectoriesthat
have observablecorrespondents.For anexampleof a Hamil-
tonianthatmaydescribetheelectromagneticinteraction,con-
siderthefollowing: Let mi betherestmassof the i-th particle
andlet xi andẋi bedefinedasfollows:/q

xi ! �
xi � yi � zi � icti � ; ẋi ! dxi " dτ � (17)

If now theLagrangian# , where# � xi
�
τ � � ẋi

�
τ ���$� N

∑
i

mi ẋi 
 ẋi

2� 2
N

∑
j %& i

eiej ' τ( ∞
ẋ jδ ) � xi

�
τ �*� x j

�
λ ��� 2 + dλ � (18)

is posited(dot productsarewith respectto the Lorentzmet-
ric), thenby employing thewell-known definitionof canoni-
calmomentum, ,

i ! ∂ #
∂ẋi

� (19)

onededucestheHamiltonian �
xi
�
τ � , i

�
τ ���� N

∑
i - , i

�
τ �.� 2

N

∑
j %& i

eiej ' τ( ∞
ẋ jδ ) � xi

�
τ �.� x j

�
λ ��� 2 + dλ / 2 " � 2mi �0�

(20)
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This Hamiltonianleadsto equationsof motion which are
differential-delay1 equationsof motion coupledtogetherby
two andonly two interactions,eachderived from a Lienard-
Wiechertpotential. Although Cauchy-typeinitial datais in-
sufficientto determineaparticularsolutionto theseequations,
they canbe integratednumericallygiven the orbits between
the pastand the future of a light conecenteredat an arbi-
trary point asinitial data.Theresultsof sucha studywill be
reportedelsewhere;the point hereis only thatCartan’s prin-
ciple doesaccommodatecanonicalrelativistic dynamicswith
interactionif theeffort to give time a role distinctfrom space
is abandoned.
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