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No-interactiortheoremsareprovenusingthemethodof differentialgeometry;and,anexampleof aHamiltonian
yielding relatvistic canonicakquationof motionwith interactionis presented.

I. INTRODUCTION

It is the purposeof this note to presenta proof of “no
interaction”theoremausingthe languageof moderndifferen-
tial geometry[{1] andCartans principle[2] of dynamics.The
useof thesetoolsrevealscertainfactsof the structureof these
theoremswhich arenot otherwiseevident.

The conclusionof a no-interactiontheoremis that a rela-
tivistic canonicalformulation of dynamicscanonly describe
particlesbetweenwhich thereis “no-interaction” Of course,
this conclusiondepend=on the conditionsin the hypothesis
of the theorem,of which thereare two versions. The orig-
inal versionhasbeenproven sequentiallyby strongermeth-
ods, first for two [3], thenthree[4], andfinally N particles
by at leastthreemethodg5-7], oneof which (Ref. [7]) uses
moderndifferentialgeometrybut not Cartans Principle. This
versionis characterizedby the assumptiorthatthe dynamics
of thesystemis governedby aschemeparameterizety asin-
gle parametertime. The secondversion[8], which hasbeen
provenheretoforedy only onemethod,s characterizety the
assumptiorthatthe dynamicsis governedby anN parameter
scheme.

Below, the no-interactionresultis obtainedin a new way
by addingrestrictionsto Cartans Principle that are equiva-
lent to the conditionsin the hypothese®f the no-interaction
theorems Fromthis uniquevantagepoint thesetheoremsare
reexamined.

Il. A GEOMETRIC PROOF

Let (Mn, Q) beasymplecticmanifold[1], whereMy is the
Cartesiamproductof N phasespaceswith fundamentatwo-
form

Q = dw. 1)

wis expressedn termsof the canonicaimomentaandcoordi-
natesas

N

w=Y (pidx,);, )
(summationcorventionimplied). Recall[2] thata one-form
onMy x |, for examplew':

o = w—Hdrt, (3)

determines vectorfield D on (My x |) of theform:
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via the stipulationthatthe exterior productof the pairis zero
(thisis theformal statemenbf Cartans Principle);i.e.,

DAdw =0, (5)
suchthatV andF satisfythenHamilton’scanonicakquations:
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Theoem (no-interaction): Let (M, Q) be a symplectic
manifold,D avectorfield onMy x |, andH ascalarfunction.
Moreover, let| beidentifiedwith a one-dimensionaubspace
fro eachconfigurationspacefor example let

T=af=bé=-=cx. @)
Then,
DAdW =0, (8)
impliesthat:
—Fp=--=F =0 9)

i.e.,all forcesarezero,thereis no interaction.

Proof: Theidentificationof | with a one-dimensionasub-
spaceof the configurationspaceof a particleimpliesthatthe
generatoof translationsalongl, namely:

9
ot’
is equalto the generatorsf the translationsalongthe one-
dimensionakubspacén the configurationspacefor example
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(10)
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whereit hasheenassumedor simplicity, withoutlossof gen-
erality, that the identificationhasbeenmadewith thei — th



axisin the coordinateframe chosento describethe configu-
ration spaceof interest. Whenthis identificationis madefor
eachconfigurationspacan My, thefollowing equalityholds:

0 0 0 0
ot aa>g.1 B basz - CaxE' (12)
If Eq. (12)is putinto (8), thenthe resultEq. (9) follows at
once.l

Theoem(secondrersion): Thefundamentahssumptiorof
this versionis that the dynamicsof a systemof particlesis
governedby anN parametescheme This assumptions tan-
tamountto redefiningEqg. (4) as:

0 0

n_o il

o=3 (5 hg) +a] @
andEg. (3) as
N

W =w+ Z HidT;. (14)

Proof: As above, Eq. (8) is computedo obtain
{HI;H|}:O7 V|7éj, (15)

wherethe bracletsarethoseof Poisson.Theindependencef
the world line follows from the independencef Hamiltoni-
ans.®

Ill. DISCUSSION AND CONCLUSIONS

The equivalenceof the first version, as presentecherein,
with the previous presentationdollows from the demands
madeof the Hamiltonianin thoseversions. First, and most
naturally the Hamiltonianis to specify the the dynamics
throughthe Lie Bracketrelationships:

=V; [p,H] =

Beyondthis, however, the very sameHamiltonianfunctionis
alsoto be the generatorof time translationswhich together
with the generatorsof the spacialtranslationsform a Lie
Group with the Poincaé group structureconstants. Impos-
ing this group structureis a commonway of “relativizing”
the spaceof interest.Demandinghatonefunctionyield both
sortsof generatorat onceestablisheshe identificationused
above, of translationsalongt (the parametenof the transfor
mation specifyingthe dynamics)andx (a configurationpa-
rametermostlikely t, time, if My, is a Minkowski space).
The absenceof referenceto Minkowski structureof the
configurationspacesin the above proof shavs that the es-
sentialfeatureof no-interactiontheoremss not to be found
in SpecialRelatvity. The above theoremshold even if the
spacedM, are not Minkowski spacesthe only essentiafea-
tureneededo obtaintheno-interactiorresultis theidentifica-
tion of the parametepf thetransformatiorgeneratinghe dy-
namicswith ary of theparametersf theconfiguratiorspaces.

[xH] = (16)

In the non-relatvistic case,if “t” wereidentifiedwith either
XY, orz (or [non]linearcombinations)the no-interactiorre-
sultwouldfollow, afactnot heretoforewidely publicized.
The motivationfor the identificationof the dynamicalpa-
rametemwith aconfiguratiorparametemn thefirst placecomes
from the desireto createrelativistic quantumtheories. In
nonrelatvistic quantummechanicgime is a scalarparame-
ter while configurationvariablesareoperators.This disparity
is atoddswith SpecialRelatvity within whichtime andspace
parameterareof equalstatus.Thus,aneffort hasbeenmade
to find arelatiistic formulationof dynamicsn whichthecon-
figurationvariable“t ” (x4 in Minkowski space)cansene as
the independenparameternf the transformationspecifying
thedynamicsandtherebybe compatiblewith quantuntheory
aspresenthyfformulated.It is theseeffortswhich arefrustrated
by thefirst versionof no-interactiortheorems.
Thesecondrersionis anexploratoryattempto find a struc-
turethatwill accommodatenteractionandbe consistentvith
relativity. As the structurehypothesizedn this versionis not
compatiblewith quantumtheory, it doesnot appearto have
ary significancefor the constructionof relativistic quantum
theory;moreover, it alsodoesnotaccommodat@teraction.
If the identificationof time andthe parametemhich gov-
ernsthedynamicds not made asit is in theoriginal versions
of no-interactiontheoremsthen Cartans formulation of dy-
namics(or ary equivalent)jaccommodatethe constructiorof
canonicalrelatvistic theoriesat will; it is only necessaryo
find a suitablesingleparametet.orentzinvariantscalarfunc-
tion #. Whatis not so easilydone,however, is to shav that
a particularchoiceof # leadsto calculatedtrajectoriesthat
have obsenablecorrespondentd-or an exampleof a Hamil-
tonianthatmaydescribeheelectromagnetimteraction,con-
siderthefollowing: Let my betherestmassof thei-th particle
andlet x; andx; bedefinedasfollows:/q
X = dXi/dT.

Xi = (Xi,¥i,7,icti); (17)

If now the Lagrangian’z, where

N
L% () = F T

—Z;eiej/ Xjd

is posited(dot productsarewith respectto the Lorentzmet-
ric), thenby employing the well-known definition of canoni-
calmomentum,

(4(1) =X (N)*) oA, (18)

(19)
onededuceghe Hamiltonian

H(x(DA(T)

N 2
:z< 2;%]/ %5 x.(r)—xj()\))z)d}\> /(2m).



This Hamiltonianleadsto equationsof motion which are
differential-delayequationsof motion coupledtogetherby
two andonly two interactionseachderived from a Lienard-
Wiechertpotential. Although Cauchy-typenitial datais in-
sufficientto determineaparticularsolutionto theseequations,
they canbe integratednumericallygiven the orbits between
the pastand the future of a light cone centeredat an arbi-
trary point asinitial data. Theresultsof sucha studywill be
reportedelsavhere;the point hereis only that Cartans prin-
ciple doesaccommodateanonicakelativistic dynamicswith
interactionif the effort to give time arole distinctfrom space
is abandoned.
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