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Nelsons derivation of Schibdingers equationwith a stochasticagumentis shavn to be compatiblewith
demonstrationthatquantumprobabilitiesevolve deterministically

I.  INTRODUCTION

Thefollowing issueof thefoundationof quantunmechan-
ics mechanicdascometo somethingof a paradoxicadead-
lock: On the one hand,the work of Nelsonand others[1]
encouragetheinferencethat stochastiqrocesseglay some
sort of ill-understoodrole in quantumphenomenawhile on
theotherhand Gilson[2] andHall andCollins[3] have shovn
that stochasticmechanicsand quantummechanicscoincide

only in thetrivial caseof a deterministicstochastigprocess.

Thepointof thiscommenis twofold: first, to exhibit asimple
argumentwhich leadsto the conclusionof the latter authors,
andsecondto resohetheapparenparadoxpy drawing atten-
tion to certainelementsmplicit in theassumptionemployed
by Nelsonin his successfulderivation of the Schibdingers
equationandto shaw, thatin spiteof thephysicalmotivation,
theformalismof Nelsonis compatiblewith theconclusionsf

Gilson,Hall andCollins.

Il. STOCHASTIC MODELS OF QUANTUM THEORY

Thesimplearguments in theform of a counterexampleto
theclaimthatquantunmechanic€anbemodeledby a Gaus-
sianstochastigprocessandproceedasfollows: Considerthe
wave function

W(x,0) = Ae¥72. @)

UseFeynmans propagatoto calculateli(x, t) :

Wiut) = |/ i x [ X @y 0). (2)

Now computep(X,t),
P(X,t) = W (x, HW(x, 1), 3)

and comparethis with p(x,t) computedusing a transition
probabilityfor a Gaussiarstochastiqrocessasfollows:

px1) = 1/ g x [ aXE™ @i 0), (4

where,usingEq. (1, is:

P(x,0) = W (x, 0)(x, 0). (5)

Eq. (3) hasthe generaform:
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PO =1/ 75 (6)
whereas$q. (4) resultsin:
1 d-@/ata)
p(xt) = 1rat . (7)

Eq. (6) is thefamiliar spreadingvave paclet of quantunthe-
ory, wherea<q. (7) is familiar from diffusiontheory

The conclusionsto be drawvn from this are, that a Gaus-
sian stochasticprocessin configurationspace(an Einstein-
Smoluchavski process[4]) cannotmodel quantumeffects;
and, sincethe very sameargumentcan be executedin mo-
mentumspaceQrnstein-UhlenbeckrocessegGaussiampro-
cessesn velocity variables[4]) arealsoexcluded. Thus,we
have countergamplesto the claim that stochasticand quan-
tum mechanicareequialent. Althoughthis exercisesuffers,
asdoesevery countergample,from a paucityof insightinto
theissueat hand,we offer it only asan expedientalternatve
to the morerevealingbut complex argumentsof Gilson, Hall
andCollins.

. NELSON’S FORMALISM

Nelsons formulation appeardo standin defianceof the
works of Gilson, Hall and Collins. Hall hasshown that no
stochastigprocesanmodelquantumtheory yet Nelsonap-
pearsto have successfullyarguedthatthe Schibdingerequa-
tion can be foundedon a stochasticprocess. This conflict
canbe resoled by showing that the only physicalinterpre-
tation consistentwith the basicassumption®f Nelsons ar-
gumentandconsistentvith classicaphysicsnotions,implies
thatthat,in fact,thereis no dispersve randomprocess—such
asthe randomimpactsresponsibleor Brownian motion, or
by shaving aninconsisteng.

Nelsons very elegantderivation of the Schibdingerequa-
tion is difficult to captureandencapsulate succinctphysical
terms.To begin, however, a Markoff procesn configuration
spacds posited:

dx = b(x(t),t) + dw(t), )
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whereb(x(t), t) is themeanvelocity andw(t) is a Wienerpro-
cesssuchthatdw(t) is independenof x(s) for s> t. For such
aprocesghereis a Fokker-Planckequation:
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ot

andaderivationD, where

Df = (3+b-m+vuz> f,

P (10)

givesthe “propagation, asit were,of f in time if v is the
diffusion constantappropriatefor the processw(t); i.e., the
expectatiorof (dw)? is vat:

E ((dw)?) = vdt. (11)
This muchis clear However, asNelsonobsenes, this de-

scriptionis asymmetricain time, so that “backward” corre-

spondentgor all theabove expressionsnaybe written:

dx = b (X(t),t) + dw (t); (12)
®__o (b.p) +vIp; (13)
ot
D.f = (g+b*-DvD2>f (14)
ot ’

where,of courseb, is themeanbackwardvelocityanddw (t)
is independenof x(s) for s< t. This muchis alsoclearin the
senseof beingmathematicallyconsistentatleast.

Hereafterthe agumentcontinuesby combining expres-
sionsfrom the forwardandbackwardequationswith the def-
inition of the meanacceleration:

(15)
beingcrucial.

Little physicalinsight can be gainedby examining math-
ematicalformalism. Physicalinterpretationis relegatedto
the beginning and end of a mathematicadevelopment. In
the caseof this ‘stochastic’processEqs(8) and (12) are at
the foundationwhere physicalinterpretationcan be fruitful.
Theseexpressionsare kinematical,and, as such, should be
amenabléo “physical” comprehensioif this processs to be
usedin “an entirely classicalderivation andinterpretationof
the Schibdingerequatiort. [1]. In thisregard,Eq. (8) offers
no difficulty; however, the backwardversion,Eq. (12), espe-
cially in combinationwith forward equation,hasbeengiven
no physicalrationalization.

If anattemptis madeto ascribephysicalmeaningto the
backwardequationpneof two possibleconclusionemenges:
Eitherthe procesds not a stochastiqrocesspr the world is
incomparablenorebizarrethancanbeimaginedfrom classi-
cal physics,f notaltogetheiirrational. Themostdirectinter-
pretationpossiblds, thatEq. (12)is, in fact,Eq. (8) expressed

in a time-reflectedframe. No physical processis implied,
only the parametesspaceusedin the mathematicamodelis
reflected. The physicalprocessn eachcaseis identical; the
Wienerprocessv(t) which seekgo describehephysicalpro-
cessis alsoidentical, only the parametet is reflected. All

thisimpliesthatthe backwardprocesgrom theforwardpoint
of view is the inverseof forward process. Clearly then, if

the two processare combinedin one frame, the total effect
is equivalentto no processat all. Althoughthe argumentcan
renderedmathematicallynothing more, including clarity, is
therebywon.

Closerexaminationof Nelsons manipulationgevealsthat
the averageforward andbackward velocitiesat a given point
in spaceandtime arenot equalin magnitude.Therefore the
just given interpretationis inconsistentwith Nelsons argu-
ment,in additionsto leadingto a vacuousstochastigrocess.
Neverthelessif dw, is regardedasthetime reversalof dw, it
follows thatthe combinationwill resultin a processwhichis
not Gaussian Sincethe only assumptiorregardingthe back-
ward equationthatdoesnot engendeseveredifficultieswith
ontologyfrom classicaphysics asis arguedbelaw, is thatit is
the forward equationexpressedn atime-reflectedrame,the
above analysisshouldbe particularlyincisive with respecto
the sourceof randomnessvhich the Wienerprocesss to de-
scribe. Therefore,it appearghat ethereaBrownian motion,
asdescribedy Nelson,is afigure of speechwhich cannotbe
acceptedhsphysicallycoherent.

Having exhaustecdthe direct interpretation,we mustlook
further. Individually, Egs. (8) and(12) canbe given physical
meaningin two wayswithout assumingary relationshipbe-
tweenthe processesv(t) andw,(t) (in which casethereare
two independenprocesses)Eitherthedx in eachequationis
takento beidenticalandit is assumedhateachequatiorholds
intermittently orit isassumedhattherearein facttwo ensem-
blesof samplepaths(essentiallytwo particles),onefor each
process.Eachof theseinterpretationss bizarreandplagued
with paradox. For example,it is unclearwhy the backward
processannotbe expressedn aforwardframeandaddedto
whatis therealreadyto give an ordinary Gaussiarprocesof
the sortdiscussedbove in the casewhereit is assumedhat
the two equationshold intermittently In the secondcaseit
is unclearhow obseners (also quantumsystems)can inter-
actindependentlyvith bothensemble# orderto obsenethe
total quantumphenomenaesultingfrom the combinationof
thesetwo independentnsembles.Other interpretationsare
also possible;but, they also violate the identity of individ-
ual samplepathsand,therefore arein conflict with classical
physics.

IV. CONCLUSION

Nelsons processdoesnot admit a physicalinterpretation
whichis a naturaldevelopmentof reasoningisedin classical
physics.His processandderivationof Schibdingersequation
canbe regardedonly as a formalistic reductionof quantum
theoryto stochasti¢cheory

Theseobsenationsgive supportto theviewpoint expressed



by Gilson,that“quantummechanicadlittle if anythingtodo  motivationfor anotherwisesuccessfulormalism.
with stochasti¢heory” [2] by exposinginadmissiblgohysical
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