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Nelson’s derivation of Schr̈odinger’s equationwith a stochasticargumentis shown to be compatiblewith
demonstrationsthatquantumprobabilitiesevolve deterministically.

I. INTR ODUCTION

Thefollowing issueof thefoundationsof quantummechan-
ics mechanicshascometo somethingof a paradoxicaldead-
lock: On the one hand, the work of Nelsonand others[1]
encouragesthe inferencethatstochasticprocessesplay some
sort of ill-understoodrole in quantumphenomena,while on
theotherhand,Gilson[2] andHall andCollins[3] haveshown
that stochasticmechanicsand quantummechanicscoincide
only in the trivial caseof a deterministicstochasticprocess.
Thepointof thiscommentis twofold: first, to exhibit asimple
argumentwhich leadsto theconclusionof the latterauthors,
andsecond,to resolvetheapparentparadoxby drawing atten-
tion to certainelementsimplicit in theassumptionsemployed
by Nelsonin his successfulderivation of the Schr̈odinger’s
equation,andto show, thatin spiteof thephysicalmotivation,
theformalismof Nelsonis compatiblewith theconclusionsof
Gilson,Hall andCollins.

II. STOCHASTIC MODELS OF QUANTUM THEORY

Thesimpleargumentis in theform of acounterexampleto
theclaimthatquantummechanicscanbemodeledby aGaus-
sianstochasticprocessandproceedsasfollows: Considerthe
wave function

ψ
�
x � 0��� Ae � x2 � 2 � (1)

UseFeynman’spropagatorto calculateψ
�
x � t � :

ψ
�
x � t ��� 	

m
i2πh̄t 
�� dx  e � im � x � x ��� 2 � � 2h̄t ��� ψ � x � 0� � (2)

Now computeρ
�
x � t ���

ρ
�
x � t ��� ψ � � x � t � ψ � x � t ��� (3)

and comparethis with ρ
�
x � t � computedusing a transition

probabilityfor aGaussianstochasticprocessasfollows:

ρ
�
x � t ��� 	

m
2πh̄t 
�� dx  e � � m � x � x ��� 2 � � 2h̄t � ρ � x � 0��� (4)

where,usingEq. (1, is:

ρ
�
x � 0��� ψ � � x � 0� ψ � x � 0� � (5)

Eq. (3) hasthegeneralform:

ρ
�
x � t ��� 	

1
1 � at2e � � x2 � � 1� at2 � � (6)

whereasEq. (4) resultsin:

ρ
�
x � t ��� 	

1
1 � at

e � � x2 � � 1� at ��� (7)

Eq. (6) is thefamiliar spreadingwave packetof quantumthe-
ory, whereasEq. (7) is familiar from diffusiontheory.

The conclusionsto be drawn from this are, that a Gaus-
sian stochasticprocessin configurationspace(an Einstein-
Smoluchowski process[4]) cannotmodel quantumeffects;
and, sincethe very sameargumentcan be executedin mo-
mentumspace,Ornstein-Uhlenbeckprocesses(Gaussianpro-
cessesin velocity variables[4]) arealsoexcluded. Thus,we
have counterexamplesto the claim that stochasticandquan-
tum mechanicsareequivalent.Althoughthis exercisesuffers,
asdoesevery counterexample,from a paucityof insight into
the issueat hand,we offer it only asanexpedientalternative
to themorerevealingbut complex argumentsof Gilson,Hall
andCollins.

III. NELSON’S FORMALISM

Nelson’s formulation appearsto standin defianceof the
works of Gilson, Hall andCollins. Hall hasshown that no
stochasticprocesscanmodelquantumtheory, yet Nelsonap-
pearsto have successfullyarguedthat the Schr̈odingerequa-
tion can be foundedon a stochasticprocess. This conflict
canbe resolved by showing that the only physicalinterpre-
tation consistentwith the basicassumptionsof Nelson’s ar-
gument,andconsistentwith classicalphysicsnotions,implies
thatthat,in fact,thereis no dispersiverandomprocess—such
as the randomimpactsresponsiblefor Brownian motion, or
by showing aninconsistency.

Nelson’s very elegantderivationof the Schr̈odingerequa-
tion is difficult to captureandencapsulatein succinctphysical
terms.To begin, however, aMarkoff processonconfiguration
spaceis posited:

dx � b
�
x
�
t ��� t ��� dw

�
t ��� (8)
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whereb
�
x
�
t ��� t � is themeanvelocityandw

�
t � is aWienerpro-

cesssuch� thatdw
�
t � is independentof x

�
s � for s � t. For such

a processthereis a Fokker-Planckequation:

∂ρ
∂t

�! ∇ " � bρ �#� ν∇2ρ � (9)

andaderivationD, where

D f �%$ ∂
∂t
� b " ∇ � ν∇2& f � (10)

gives the “propagation,” as it were, of f in time if ν is the
diffusion constantappropriatefor the processw

�
t � ; i.e., the

expectationof
�
dw � 2 is νdt:

E ' � dw � 2 ( � νdt � (11)

This muchis clear. However, asNelsonobserves,this de-
scriptionis asymmetricalin time, so that “backward” corre-
spondentsfor all theaboveexpressionsmaybewritten:

dx � b � � x � t ��� t ��� dw � � t � ; (12)

∂ρ
∂t

�) ∇ " � b � ρ ��� ν∇2ρ; (13)

D � f � $ ∂
∂t
� b � " ∇ν∇2 & f � (14)

where,of course,b � is themeanbackwardvelocityanddw � � t �
is independentof x

�
s � for s * t. Thismuchis alsoclearin the

senseof beingmathematicallyconsistent,at least.
Hereafterthe argumentcontinuesby combining expres-

sionsfrom theforwardandbackwardequations,with thedef-
inition of themeanacceleration:

a � 1
2

�
D � D � DD � � x � t ��� (15)

beingcrucial.
Little physicalinsight canbe gainedby examiningmath-

ematicalformalism. Physical interpretationis relegatedto
the beginning and end of a mathematicaldevelopment. In
the caseof this ‘stochastic’process,Eqs(8) and(12) areat
the foundationwherephysicalinterpretationcanbe fruitful.
Theseexpressionsare kinematical,and, as such,shouldbe
amenableto “physical” comprehensionif this processis to be
usedin “an entirely classicalderivationandinterpretationof
theSchr̈odingerequation.” [1]. In this regard,Eq. (8) offers
no difficulty; however, thebackwardversion,Eq. (12), espe-
cially in combinationwith forwardequation,hasbeengiven
no physicalrationalization.

If an attemptis madeto ascribephysicalmeaningto the
backwardequation,oneof two possibleconclusionsemerges:
Either theprocessis not a stochasticprocess,or theworld is
incomparablemorebizarrethancanbeimaginedfrom classi-
cal physics,if not altogetherirrational. Themostdirect inter-
pretationpossibleis, thatEq. (12)is, in fact,Eq. (8)expressed

in a time-reflectedframe. No physicalprocessis implied,
only the parameterspaceusedin the mathematicalmodel is
reflected.The physicalprocessin eachcaseis identical; the
Wienerprocessw

�
t � whichseeksto describethephysicalpro-

cessis also identical, only the parametert is reflected. All
this impliesthatthebackwardprocessfrom theforwardpoint
of view is the inverseof forward process. Clearly then, if
the two processarecombinedin one frame, the total effect
is equivalentto no processat all. Althoughtheargumentcan
renderedmathematically, nothing more, including clarity, is
therebywon.

Closerexaminationof Nelson’s manipulationsrevealsthat
theaverageforwardandbackwardvelocitiesat a givenpoint
in spaceandtime arenot equalin magnitude.Therefore,the
just given interpretationis inconsistentwith Nelson’s argu-
ment,in additionsto leadingto a vacuousstochasticprocess.
Nevertheless,if dw � is regardedasthetime reversalof dw, it
follows that thecombinationwill resultin a processwhich is
not Gaussian.Sincetheonly assumptionregardingtheback-
wardequation,thatdoesnot engenderseveredifficultieswith
ontologyfrom classicalphysics,asis arguedbelow, is thatit is
theforwardequationexpressedin a time-reflectedframe,the
above analysisshouldbeparticularlyincisive with respectto
thesourceof randomnesswhich theWienerprocessis to de-
scribe. Therefore,it appearsthat etherealBrownian motion,
asdescribedby Nelson,is a figureof speechwhich cannotbe
acceptedasphysicallycoherent.

Having exhaustedthe direct interpretation,we must look
further. Individually, Eqs. (8) and(12) canbegivenphysical
meaningin two wayswithout assumingany relationshipbe-
tweenthe processesw

�
t � andw � � t � (in which casethereare

two independentprocesses).Eitherthedx in eachequationis
takento beidenticalandit is assumedthateachequationholds
intermittently, or it isassumedthattherearein facttwoensem-
blesof samplepaths(essentiallytwo particles),onefor each
process.Eachof theseinterpretationsis bizarreandplagued
with paradox. For example,it is unclearwhy the backward
processcannotbeexpressedin a forwardframeandaddedto
what is therealreadyto give anordinaryGaussianprocessof
the sortdiscussedabove in the casewhereit is assumedthat
the two equationshold intermittently. In the secondcaseit
is unclearhow observers (also quantumsystems)can inter-
actindependentlywith bothensemblesin orderto observethe
total quantumphenomenaresultingfrom the combinationof
thesetwo independentensembles.Other interpretationsare
also possible;but, they also violate the identity of individ-
ual samplepathsand,therefore,arein conflict with classical
physics.

IV. CONCLUSION

Nelson’s processdoesnot admit a physicalinterpretation
which is a naturaldevelopmentof reasoningusedin classical
physics.His processandderivationof Schr̈odinger’sequation
canbe regardedonly as a formalistic reductionof quantum
theoryto stochastictheory.

Theseobservationsgivesupportto theviewpointexpressed
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byGilson,that“quantummechanicshaslittle if anythingto do
with stochastictheory,” [2] by exposinginadmissiblephysical

motivationfor anotherwisesuccessfulformalism.
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